P03

Proceedings of the 5th International Conference on Inverse Problems in Engineering: Theory and Practice,
Cambridge, UK, 11-15th July 2005

ON THE USE OF BREGMAN DISTANCES FOR THE SOLUTION OF INVERSE RADIATIVE
TRANSFER PROBLEMS IN ONE-DIMENSIONAL PARTICIPATING MEDIA

R. P. F. PINHEIRO", A. J. SILVA NETO" and N. C. ROBERTY?

! Instituto Politécnico - IPRJ, Universidade do Estado do Rio de Janeiro - UERJ, P.O. Box 97282, 28601-970,
Nova Friburgo, RJ, Brazil.

e-mail: rpaz@iprj.uerj.br, ajsneto@iprj.uerj.br

2 Programa de Engenharia Nuclear — COPPE, Universidade Federal do Rio de Janeiro — UFRJ, P.O. Box
68509, 21945-970, Rio de Janeiro, RJ, Brazil.

e-mail: nilson@Imn.con.ufrj.br

Abstract — Tikhonov’s regularization approach has been applied in several inverse problems converting an ill-
posed problem into a well-posed one. This work proposes the use of Bregman distances based on the g-
discrepancy functional as regularization terms. Here the inverse problem is formulated implicitly as an
optimization problem in which we seek to minimize the cost functional of squared residues between calculated
and measured quantities. Such approach is then applied for the estimation of the single scattering albedo, optical
thickness and inner boundary diffuse reflectivities in a one-dimensional participating medium.

1. INTRODUCTION

The solution of inverse radiative transfer problems has several relevant applications, not only in engineering
[1,14,20,33], but also in many other areas such as astrophysics [16,25], physical oceanography (optical
hydrology) [15,17,28,32], remote sensing [9,22], and atmosphere / hydrosphere optics [11,31].

When formulated implicitly inverse radiative problems usually require the minimization of a cost functional
related to the squared residues between an observable quantity and the calculated value for such quantity.

As inverse problems are usually ill-posed they are affected by the noise which is always present in the
experimental data. An effective strategy to solve such problems is to replace the original inverse problem of
interest by another one that is close to the former but is less affected by the experimental data noise. Such
approach was developed by Tikhonov [29]. In Tikhonov’s approach a regularized functional is developed, in
which an extra term, that may include some prior information related to the unknowns to be estimated, is added
to the original objective function to be minimized. Several works are related to the use, analysis and proposition
of Tikhonov’s regularization terms [5,18,23,24].

In the present work we build a family of regularizing terms using Bregman distances constructed using
moments of a g-discrepancy functional [2,21]. They are very simple to implement computationally and seem to
yield a robust algorithm which provides reasonable estimates even when noisy data is used. Such approach is
applied to the solution of inverse radiative transfer problems. In these problems we are interested in the
estimation of the single scattering albedo, optical thickness and inner boundary diffuse reflectivities in a one-
dimensional participating medium. Only experimental data acquired by external detectors is considered. As
experimental data we use synthetic values of the intensity of the exit radiation as a function of the polar angle.

2. DIRECT AND INVERSE RADIATIVE TRANSFER PROBLEM

2.1 Mathematical formulation of the direct and inverse problems

The phenomena associated with the interaction of radiation with a participating medium, as schematically
represented in Figure 1, i.e., an absorbing emitting and scattering media, are usually mathematically modeled
using the dimensionless linear version of the Boltzmann equation, also referred to as transport equation, which is
written as [19]
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where | is the dimensionless radiation intensity, = is the optical variable, 7, is the optical thickness of the
medium, g is the direction cosine of the radiation beam with the positive 7 axis, that is, the cosine of the polar
angle (u=cos@), w is the single scattering albedo, p, and p, are the diffuse reflectivities at the inner side of
the boundary surfaces at 7=0 and r=17,, S represents an internal radiation source, and f and f, are the
intensities of the incident radiationat z=0 and 7 =1,.
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Figure 1. Schematical representation of a one-dimensional homogeneous participating medium, with inner
diffusely reflecting boundary surfaces, subjected to isotropic external radiation.

When the boundary conditions and the material properties are known, the direct problem (1)-(3) can be
solved providing the values of the radiation intensity for every point in the spatial and angular domains. This is
the so called direct problem. Here we use Chandrasekhar’s discrete ordinates method [6] to solve the direct
radiative transfer problem.

In the inverse problem considered in the present work the optical thickness z,, the single scattering albedo

o and the diffuse reflectivities p, and p, are the unknowns to be determined [27].

As these properties cannot be measured directly, experimental data on the intensity of the exit radiation at
=0 and 7 =7, is measured at different polar angles, and using this information we try to solve the inverse
problem.

Therefore, by using the measured data Y,, i=12,...,N,, where N, is the total number of experimental data

available, we want to determine the elements of the vector of unknowns P defined as

P={r.op0.0. @

where the superscript T indicates transpose.
As the number of experimental data is usually larger than the number of unknowns, we formulate the
inverse problem implicitly as a finite dimensional optimization problem, in which we seek to minimize the

Tikhonov’s regularization functional
2
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where |__ represents the calculated values for the exit radiation intensity obtained using an estimate for the

calc,

vector of unknowns P, « is the regularization parameter, R is the regularization term, and P is a vector with
reference values (prior information) for the unknowns.

2.2 General regularization term for the Tikhonov functional

In the present work we use a family of regularization terms R for Tikhonov’s functional shown in egn.(5).
These regularization terms are Bregman distances [3] constructed with the moments of the g-discrepancy [2,21],
and the g-discrepancy is a particular case of Csiszar’s measure [7].

Bregman distances
In this section we provide a brief description of Bregman distances. Most of the material presented here is
collected from the references [4,8,12].

Let 7:AcR" >R be a differentiable and strictly convex function defined on a closed, convex set A.
The Bregman distance associated with 7(.) is defined for p, p* € A to be

B,(p, p") =7(p)—n(p")—(Vn(p®).(p-p%)) (6)
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where the function 7(.) is called the Bregman function. It can be shown that, in general, every Bregman distance
is nonnegative
B,(p.p")20 ™
and is equal to zero if its two arguments are equal,
B,(p.p")=0& p=p° ®)
The conditions (7) and (8) are absolutely essential, and convexity is highly desirable for mathematical
convenience. Bregman distances [3] can be interpreted as a measure of convexity of #7(.). A graphical

representation of 7(.) as well as the measure of convexity of 7(.) is shown in Figure 2. In the one-dimensional
case, the Bregman distance is easy to visualize: drawing a tangent line to the graph of 7 at the point p¥, the
Bregman distance B, (p, p®) is seen as the vertical distance between this line and the point (p,ry(p, pR))
[4,8,13].

B,(p, p7)
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Figure 2. A graphical representation of Bregman distances (redraw from [4] ).

Due to the convexity of Bregman distances, they may be very convenient to construct the regularization
terms for Tikhonov’s functional.

Moments of the g-discrepancy
In the present work the Bregman distances D, (|5, I5R) were built starting from the Csiszar’s measure [10],
which we call g-discrepancy. The moment of mth-other of the g-discrepancy is defined as

1 F)- 3o pT'l )

where N, is the total number of unknowns in the inverse problem we want to solve. Here N, =4, as shown in
eqn.(4). This functional represents the deviation of an expected value of each property of the medium p, raised
to the power q. The parameter q is a real positive number.

The functional (9) for the particular case when g — 0 corresponds, therefore, to the entropy functional

1..()-3prinp (10)

Equation (10) is similar to the Boltzmann-Gibbs-Shannon formulation for entropy with the value of g — 0
in our formulation, or similar to the expression proposed by Tsallis [30] when the limit q —1 is taken in his
formulation [10,26].

Regularization terms and Tikhonov functional
Introducing egn.(9) into eqn.(6), results in

N p™(pd— N piRm pqu -1} _Rq_
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Using the Bregman distances as the regularization terms in Tikhonov’s functional, we get from egns (5) and
(11),
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where the elements of the vector of residues F are given by
F=1,(P)-Y, i=12..N, (14)

3. SOLUTION OF THE INVERSE PROBLEM

We are looking for the vector P, which minimizes the Tikhonov functional given by eqgn.(13). For that purpose
we first write the critical point equation

P P) W , al,. (P) oD, (PP"
NP _g . TP) =D [l (B)-Y,] e (P) | 0 PPT) j=12,...N, (15)
oP op; =y ‘ op; p,
The system of nonlinear eqns (15) is written in compact form as
J'F+avD, =0 (16)
where the elements of the Jacobian matrix J are given by
ol
J,=—=, s=12,.,N, t=12,...,N, 17
op,
and
ob_, oD oD
VD, =q—&, —"0 ., " (18)
op,  op, Py,

The elements of the Jacobian matrix J, eqn.(17), were calculated numerically using a central difference
approximation.
Writing the Taylor’s expansions

F(P™)=F(P")+Jap" (19)
and
VD, (P)=VD,,(P")+J;AP" (20)
where N will be the iteration index for the iterative procedure that will be constructed for the estimation of the
vector of unknowns P , with

B — B 4 AP" (21)
and the elements of the Jacobian matrix J, are given by
oD
Jo, =0 | P , u=12,...,N,, v=12,...,N, (22)
Y aF)U apV
such that
o°D,, i
— if u=v
Jou, =9 op? , u=12,...,N,, v=12,...,N, (23)
0 if u=v

and introducing egns (19) and (20) into egn.(16) results in
(J“’J“+an)A5“:-(J“’lfuavr);,q) (24)

2
m,q

and >
i i

mq

In Table 1 are presented the expressions for calculated from eqn.(11) when q >0, and

from egn.(12) when q — 0.

Starting with an initial guess P°, new estimates for the unknowns are obtained from eqn.(21) with the
corrections AP" being obtained from the solution of the system of linear algebraic eqns (24).
The iterative procedure is interrupted when a stopping criterion is satisfied, such as

n

‘ﬂi

<g, i=12,...,N, (25)

where ¢ is a tolerance, say 10~°.
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Table 1: First and second derivatives of the Bregman distances based on the moments of the g-discrepancy for

g>0and g—0.
q>0 q—0
B _ [ (m+a)pf-m] _.f(m+a)p] -m Ono _ pmifiyminp,)- p™ s inp?)
n, " q g q o, o J
2
b, _ g2 (m+q)(m+q-1) p; —m(m-1) o DZ"‘*‘) = pr[m+(m-1)f2+minp, )
op: ! q P,

4. RESULTS AND DISCUSSION
As real experimental data was not available we generated synthetic experimental data by adding noise to the
calculated values of the radiation intensity,

Y=1, (P

 Jroe, i=12.N, (26)

where o is the standard deviation of the experimental errors and e, represent random numbers in range [-1,1].
In this work we have considered a Gauss-Legendre quadrature to replace the integral term in eqgn.(1), with

N =20 collocation points. The synthetic experimental data was generated for the same grid points considered

for the angular domain discretization, and therefore N, =N =20, being half of the experimental data acquired

at 7=0 andhalfat 7 =7,.

In order to demonstrate the efficacy of the use of the Bregman distances as the regularization terms in
Tikhonov’s functional, we have chosen two sets of exact values and initial guesses for which the algorithm
without regularization did not converge. The exact values and the initial estimates for the radiative properties are
shown in Table 2.

Table 2: Exact values and initial estimates for the test cases.

Exact parameters Initial guess
Case . _
Poe = {0 0.0, 0,) P*={),0, 07, 3
1 {1.0,0.5,0.1, 0.95} {5.0,0.95,0.95, 0.1}
2 {0.3,0.5,0.1, 0.95} {1.5,0.95,0.95, 0.1}

In Tables 3a-c are presented the estimated values for Test Case 1 at some specific iterations using,
respectively, 0 =0.0, 0 =0.025 and ¢ =0.05, corresponding to errors in the experimental data up to 0 %, 14%
and 35 %. These estimates were obtained with g = 1.5, m = 1.0, and the regularization parameter « =0.01.

In Tables 4a-c are presented the estimated values for Test Case 2 at some specific iterations using,
respectively, o =0.0, o =0.025 and o =0.05, corresponding to errors in the experimental data up to 0 %, 9 %
and 16 %. The estimates were obtained with regularization using the parameters q = 1.5, m = 1.0, and the
regularization parameter o =0.01.

From Tables 3 and 4 we observe that the algorithm converged even when poor initial guesses are used. We
observe also that for the runs with noisy data poor estimates may be obtained for parameter p, . This is expected

since for all cases run in this paper we have considered a difficult situation in which f, =1.0 and f, =0.0 in

eqns (2) and (3). A sensitivity analysis has shown the lowest sensitivity of the experimental data (intensity of the
exit radiation) with respect to the parameter p, .

We have then varied the value of the parameters g and m in the ranges 0.0 < g <2.5and 0 <m < 3. In Tables
5a-c and 6a-c we show for Test Cases 1 and 2, respectively, the pairs (g, m) for which convergence was
achieved, indicated by C, and those for which convergence was not achieved, indicated by NC. For these runs
we have kept the same value for the regularization parameter « =0.01.

From Tables 5 and 6 we observe that convergence is not achieved for some values of the parameters (g, m).
There is a trend of non-convergence when higher values are used for both parameters g and m. We have
performed an analysis of the Bregman distances, given by egn.(11), constructed with the moments of the -
discrepancy, given by eqgn.(9), and it seems that convexity is not achieved for such high values of the g and m
parameters. This subject must be further investigated.
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Table 3: Estimated values for the unknowns at some specific iterations with regularization, ¢ = 1.5, m = 1.0,
a=0.01.TestCase 1. P, = P® ={1.0,0.5, 0.1, 0.95}.

exact

(3a) o =0.0 (noiseless data)

lteration . o P p Obijective Function
’ : ’ (eqn.(5))
0 5.0 0.95 0.95 0.1 0.22677
1 1.9574 8.6165e-01 7.8050e-01 7.4832e-01 6.0228e-01
2 1.0866 7.7755e-01 6.1642e-01 9.9325e-01 1.0725e-01
3 9.2517e-01 5.4272e-01 2.5327e-01 9.6960e-01 9.6624e-03
4 9.9953e-01 5.0508e-01 1.2281e-01 9.5286e-01 7.1872e-04
5 9.9990e-01 5.0017e-01 1.0088e-01 9.5005e-01 1.3081e-05
10 1.0000 5.0000e-01 9.9999e-02 9.4999e-01 -1.0121e-19
15 1.0000 5.0000e-01 9.9999e-02 9.4999e-01 -7.0022¢-19
18 1.0000 5.0000e-01 9.9999e-02 9.4999e-01 2.2138e-19

(3b) o=10.025 (up to 14 % error in experimental data)

Objective Function

Iteration 7, w o) P, (eqn.(5))
0 50 0.95 0.95 01 0.22677
1 1.9580 8.65896-00 | 7.77926-01 | 8.3664e-01 6.0794e-01
2 1.0905 8.13836-01 | 6.6645¢-01 1.0042 6.66216-02
3 9.05166-01 | 58671e-01 | 31475601 | 9.6875e-01 1.67656-02
4 9.68986-01 | 52624601 | 1.7396e-01 | 9.4764e-01 5.72746-03
5 9.71476-01 | 5.2266e-01 | 1.5504e-01 | 9.4429e-01 3.82076-03
10 9.7141e-01 | 53373601 | 15502601 | 9.4431e-01 3.80636-03
15 9.71416-01 | 5.3373e-01 1.55026-01 9.44316-01 3.80636-03
18 9.71416-01 | 53373601 | L1.55026-01 9.44316-01 3.80636-03

(3c) o= 0.05 (up to 35 % error in experimental data)

. Obijective Function
Iteration 7, 1) X P, (eqn.(5))
0 50 0.95 0.95 01 0.22677
1 1.9643 8.72576-01 7.91836-01 1.0503 5.93996-01
2 1.0625 8.05816-01 6.85396-01 9.5979¢-01 4.37886-02
3 8.3460e-01 | 5.73966-01 3.65796-01 9.30236-01 2.07146-02
4 9.19766-01 | 4.82156-01 1.61586-01 9.29866-01 1.44206-02
5 9.25576-01 | 4.6374e-01 8.60826-02 9.35506-01 1.22796-02
10 9.31006-01 | 4.5439-01 4.98846-02 9.35436-01 1.20366-02
15 9.31006-01 | 4.5439-01 4.98846-02 9.35436-01 1.20366-02
18 9.31006-01 | 4.5439-01 4.98846-02 9.35436-01 1.20366-02




P03

Table 4: Estimated values for the unknowns at some specific iterations with regularization, g = 1.5, m = 1.0,

o =0.01. Test Case 2. P

(4a) o =0.0 (noiseless data)

exact

=P* ={0.3,05, 0.1, 0.95}.

Objective Function

Iteration 7, w o) P, (eqn.(5))
0 15 0.95 0.95 01 6.12294
1 7.61936-01 8.38126-01 4.25326-01 4.23336-01 33177
2 29.37176-02 6.29626-01 6.46536-02 1.2013 9.07226-01
3 1.4720e-01 5.07036-01 ~4.53236-01 8.84386-01 1.1987e-01
4 2.60736-01 5.87096-01 5.25856-01 9.85246-01 1.20166-01
5 3.06716-01 4.95776-01 1.9590 9.60726-01 1.41256-02
10 2.09996-01 5.00006-01 9.09996-02 9.49996-01 6.12916-18
15 2.09996-01 5.00006-01 9.09996-02 9.49996-01 4.4608¢-18
18 2.9999¢-01 5.00006-01 9.0999¢-02 9.4999¢-01 3.5614¢e-18
(4b) o=10.025 (up to 9 % error in experimental data)
. Obijective Function
Iteration 7, 0] o) P, (eqn.(5))
0 15 095 0.95 01 6.12294
1 7.85536-01 8.43816-01 41771601 | 4.0183e-01 3.2368
2 9.01026-02 6.78916-01 5.73516-02 1.1495 9.7026e-01
3 3.44186-01 9.1890e-01 8.3298¢-01 | 9.4345¢-01 6.32386-01
4 11.5991e-01 5.06986-01 41595600 | 8.5763e-01 1.09956-01
5 1.35886-01 5.05776-01 3.8936e-01 | 8.2903e-01 511276-01
10 2.87106-01 5.54446-01 2.0660e-01 | 9.3643e-01 5.28286-03
15 2.87136-01 5.54446-01 2.06516-01 | 9.36426-01 5.28286-03
18 2.87136-01 5.54446-01 2.06516-01 | 9.36426-01 5.28286-03
(4c) o= 0.05 (up to 16 % error in experimental data)
lteration . o P P Objective Function
’ ' ? (eqn.(5))
0 15 0.95 0.95 01 6.12294
1 8.0789e-0L |  8.47260-01 4.10386-01 4.78146-01 3.3376
2 1.05676-01 |  7.23226-01 2.10436-01 1.2041 8.40156-01
3 3.56466-01 |  8.1281e-01 4.65276-01 9.6099-01 5.46136-01
4 1.92966-01 |  6.05766-01 2.7711e-01 9.52536-01 6.27816-02
5 25811e-0L | 5.8661e-01 3.53156-01 9.53696-01 7.29826-02
10 254796-0L | 5.74966-01 3.45316-01 9.53896-01 2.03356-02
15 254796-0L | 5.74966-01 3.45316-01 9.53896-01 2.03356-02
18 25479e-01 | 5.74966-01 3.45316-01 9.5889¢-01 2.03356-02
20 3.45316-01

2.54796-01

5.74966-01

9.58896-01

2.03356-02
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Table 5: Regions (g, m) of convergence (C) and non-convergence (NC) for the algorithm with regularization.
a«=001.TestCase 1. P, =P".

exact

(53) o =0.0

q 00 05 1.0 15 2.0 25
m
0.0 NC NC C C C C
1.0 c C C c c c
2.0 NC NC NC NC NC NC
3.0 NC NC NC NC NC NC

(5b) o= 0.025

q 00 05 1.0 15 2.0 25
m
0.0 NC NC NC C C NC
1.0 c c c c c c
2.0 NC NC NC NC NC NC
3.0 NC NC NC NC NC NC

(5¢) o= 0.05

q 00 05 1.0 15 2.0 25
m
0.0 NC NC NC C C NC
1.0 c C C C c C
2.0 NC NC NC NC NC NC
3.0 NC NC NC NC NC NC

Table 6: Regions (g, m) of convergence (C) and non-convergence (NC) for the algorithm with regularization.
a=0.01. Test Case 2. P = P".

exact

(6a) o =0.0

q 00 05 1.0 15 2.0 25
m
0.0 NC NC c C C C
1.0 c c c c c C
2.0 c c NC NC NC NC
3.0 NC NC NC c c c

(6b) o= 0.025

q 00 05 1.0 15 2.0 25
m
0.0 NC NC NC C C NC
1.0 c NC NC c NC NC
2.0 NC NC NC NC NC NC
3.0 NC NC NC NC NC NC

(6¢) o= 0.05

q 00 05 1.0 15 2.0 25
m
0.0 NC NC NC C C NC
1.0 c NC NC C NC NC
2.0 NC NC NC NC NC NC

3.0 NC NC NC NC NC NC
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5. CONCLUSIONS

In the present work we presented the efficacy of using Bregman distances constructed with the moments of
g-discrepancy as regularization terms in Tikhonov’s functional for the solution of inverse radiative transfer
problems. We found that in some ranges of the control parameters convexity is not observed. This subject will be
further investigated in future works, and weighting factors will be implemented as an attempt to keep the
convexity of the regularization terms.
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